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Downlink Multi-user Precoder Designs in Massive
MIMO
Chia-Yi Yeh

Abstract—In this report, MU-MIMO downlink linear
precoders such as matched beamforming and zero-forcing
are studied. In addition, we discuss the incentive to
increase the number of transmit antennas and examine
the performance of such linear precoders when the number
of transmit antennas approaches to infinity. Furthermore,
we study the fundamental performance loss due to pilot
contamination in multi-cell scenario.

I. INTRODUCTION

In the class, we analyze the capacity of a single-
user MIMO (SU-MIMO) system by doing singular value
decomposition (SVD) to the channel matrix HHH . We
observe that the MIMO channel can be decomposed to
several parallel channels, and the capacity is the sum
of all the parallel channels. From this analysis, we also
learn the capacity-achieving approach: the transmitter
precodes the transmit signals with VVV , and the receiver
decode the receive signals with UUU∗, where ∗ denotes
conjugate transpose and HHH = UUUΛΛΛVVV ∗ using SVD. UUU and
VVV are unitary matrices, and ΛΛΛ is a diagonal matrix with
only non-negative real numbers on the diagonal.

When considering multi-user MIMO (MU-MIMO),
each receiver only knows its own channel information,
and therefore the receivers can no longer apply UUU∗ to
their receive signals and achieve the sum rate achieved
in the single-user scenario. In fact, the capacity region in
multi-user MIMO is achieved with Dirty-Paper Coding
(DPC) [1]. However, in practice, this capacity-achieving
approach is rarely used due to its high complexity.
Instead, a group of linear precoders and decoders are
used.

MIMO brings multiplexing gain to the system, how-
ever, the gain depends on the channel realizations. One
way to combat the variation in channel variation is
to utilize a large antenna array. When the number of
transmit antennas approaches to infinity, the channel
vectors of different users become orthogonal due to the
law of large numbers and is favorable for transmissions.

The favorable propagation conditions results from the
large antenna array benefits both SU-MIOO and MU-
MIMO. For single user MIMO, using a large antenna
array for transmission ensures the singular values of the

channel to be equal, which is the best possible distribu-
tion of singular values, and therefore achieves the higher
bound of the capacity. For MU-MIMO, the orthogonality
between channels for different users mitigates the inter-
user interference. As a result, even linear precoders can
achieve near optimal capacity.

Although using large antenna arrays helps achieve
optimal capacity, the overhead of such large antenna
system also needs to be taken into account considering
a more realistic system. Since the array is large, the
channel estimation process can be time consuming if we
let each of the transmit antenna take turns estimating the
downlink channel. Instead, such massive MIMO system
operates in TDD mode and obtain the downlink channels
from the uplink channels assuming channel reciprocity.
That is, the uplink channels are estimated by letting users
send uplink orthogonal pilots. And the downlink channel
is the transpose of the uplink channel.

Due to the uplink estimation process, pilot contami-
nation can happen when considering multi-cell scenario.
Since there are only limited orthogonal pilots, the cells
have to reuse those uplink pilots. As a result, when two
users in different cells sending the same uplink pilot at
the same time for the BS to estimate the channel, the
channel estimation of one user will contains partial chan-
nel information of the other user. This will further lead
to inter-cell interference for the downlink transmission.
In addition, the effect of pilot contamination cannot be
alleviated as the array size increases. Therefore, designs
for the uplink pilot estimation process and precoding
methods considering multi-cell is important.

In the following, I will first discuss the MU-MIMO
system to introduce the capacity achieving dirty-paper
coding, as well as linear precoders such as matched
beamforming, zero-forcing beamforming, and regular-
ized zero-forcing beamforming in Section II. In Section
III, I will discuss the incentive to use a large antenna
array for both single-user and multi-user scenario. Next,
we study the performance of the linear precoders when
assuming the BS knows the perfect or imperfect CSI in
Section IV. In Section V, we extend the massive MIMO
system to multi-cell, and discuss pilot contamination and
the resulting inter-cell interference. Finally, I conclude in
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Section VI.

II. MULTI-USER DOWNLINK

A. System Model

The following system model is adapted from [2].
Assuming a general downlink MU-MIMO transmis-

sion with a total number of K users (K = {1, · · · ,K}),
nt transmit antennas at the BS, nr,q receive antenna at
mobile terminal q. When considering a simplified case
in which all users have the same number of receive
antennas, we drop the index q and denote the number
of receive antennas as nr.

The MIMO channel between the BS and user q
is written as Λ−1/2HHHq. Λ−1 refers to the large-scale
fading. HHHq ∈ Cnr,q×nt models the small scale time-
varying fading process, and is normalized such that
E[‖HHHq‖2] = nr,qnt. Here we also assume that the MIMO
channel matrices HHHq are full rank for every user q.

The received signal of a given user q can be written
as

yyyq = Λ1/2HHHqccc
′ +nnnq (1)

where yyyq ∈ Cnr,q and nnnq is a complex Gaussian noise
CN(0, σ2

n,qIIInr,q
). ccc′ is the transmitted signal vector.

Generally speaking, ccc′ is written as the superposition of
statistically independent signals ccc′q encoded and destined
to the co-scheduled users

ccc′ =

K∑
q=1

ccc′q

The transmit signals are subject to a transmit power
constraint, Tr{QQQ} ≤ Es, whereQQQ is the input covariance
matrix QQQ = E[ccc′ccc′H ]. Based on the power constraint, we
define the SNR of user q as ηq = EsΛ−1

σ2
n,q

.
We assume that the BS has perfect knowledge of the

instantaneous channel state information (CSI). And the
receivers have perfect knowledge of their own CSI. Also,
we define the scheduled user set, denoted as KKK ⊂ K as
the set of users who are actually scheduled (with a non-
zero transmit power) by the transmitter at the time instant
of interest. The transmitter serves users belonging to KKK
with total ne data streams, and user q ∈ KKK is served
with nu,q data streams, ne =

∑
q∈KKK nu,q.

B. Capacity Achieving Dirty-Paper Coding

The capacity region of MU-MIMO downlink broad-
cast channel is an acute problem in information theory.
Since the transmitter hosts multiple antennas,the users’
channels cannot be ranked anymore. After Dirty-Paper
Coding was introduced [3], people studied the achievable
rate region using DPC [4] [5]. The achievable rate

region of the MIMO broadcast channel using DPC was
confirmed to be equal to the capacity region of the
MIMO broadcast channel in [1].

The idea of DPC comes from the illustration of
conveying information using a dirty paper. Imagined a
paper partially covered with dirt that is indistinguishable
from ink. DPC states that if the writer knows where the
dirt is to start with, the writer can convey just as much
information by writing on the paper as if it were clean,
even though the reader does not know where the dirt is.

The remarkable result of DPC is provided by [3].
Assuming a system model

YYY = XXX +SSS +ZZZ

where the state SSS ∼ N (0, QIII) and noiseZZZ ∼ N (0, NIII)
are multivariate Gaussian random variables. The input
XXX ∈ Rn satisfies the power constraint 1

n

∑n
i=1X

2
i ≤ P .

If SSS is unknown to both transmitter and receiver then the
capacity is C = log(1 + P

Q+N ). However, if the state SSS
is known to the encoder, the capacity is

C = log(1 +
P

N
)

which is also the capacity of a standard Gaussian channel
with SNR P

N . Therefore, the state SSS does not affect the
capacity of the channel, even though SSS is unknown to
the receiver. In other words, if the transmitter has full
knowledge of the interference, the capacity of the dirty
paper channel is equal to the capacity of the channel
with the interference completely absent.

DPC works similar to successive interference cancella-
tion (SIC). SIC decodes the interference first to removing
it from the receive signal, so the subtracted signal ap-
pears as if there is no interference. In comparison, DPC
does this in the reverse way. When encode a user Bob’s
signal, the transmitter uses the knowledge of previously
decoded signals so that the previously decoded signals
appears invisible to Bob.

Here is the process of encoding K users. The trans-
mitter rst encodes user 1s signal into C1. With full
knowledge of C1, the transmitter encodes user 2s signal
into C2. Now, C2 appears like a Gaussian interference to
user 1. However, C1 appears invisible to user 2. Again
the the transmitter encodes user 3s signal into C3 with
full knowledge of C1 and C2. C3 appears like a Gaussian
noise to user 1 and user 2, but C1 and C2 are invisible
to user 3. The encoding process continues until all K
users are encoded. Note that different encoding orders
will result in different capacity region. To obtain the
capacity region, all permutations of the user ordering
need to be considered.
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C. Linear Precoding

Although DPC can achieve the capacity region, imple-
mentation of DPC requires significant additional com-
plexity at both transmitter and receiver, and the problem
of finding practical dirty paper codes that approach the
capacity limit is still unsolved [6]. Therefore, linear
precoding methods are used in practical systems. In the
following, we mathematically define linear precoding
and introduce three common linear precoders.

As described previously, the transmitted signal vector
ccc′ is the combination of signals for all co-scheduled
users. This transmitted signal is precoded so that each
user can decode their own signals. Linear Precoding (LP)
is a subclass of transmission schemes to serve multiple
users simultaneously. Although LP is not the optimal
approach, LP has the advantage of low complexity.

When using LP, the transmit signal vector ccc′ for total
ne data streams can be written as

ccc′ = PPPccc = WSWSWS1/2ccc

=
∑
q∈KKK

PPP qcccq =
∑
q∈KKK

WWW qSSS
1/2
q cccq

(2)

where ccc is the symbol vector made of ne unit-energy
independent symbols. PPP ∈ Cnt×ne is the precoder made
of two matrices: a power control diagonal matrix denoted
as SSS ∈ Rne×ne , and a transmit beamforming matrix
WWW ∈ Cnt×ne . The expression can be further decomposed
to per-user level. cccq ∈ Cnu,q is the symbol vector
only for user q. PPP ∈ Cnt×nu,q , SSSq ∈ Rnu,q×nu,q , and
WWW q ∈ Cnt×nu,q are user q’s sub-matrices of PPP , SSS, and
WWW .

Equation (2) shows that the symbol vector is multi-
plied by a linear precoder PPP for transmission through
multiple antennas. Careful selection of the precoders
can reduce (or eliminate) interference among different
streams by taking advantage of spatial separation be-
tween users and thereby support multiple users simulta-
neously.

Combine Equation (1) and Equation (2), we get

yyyq = Λ1/2HHHqWWW qSSS
1/2
q cccq+

∑
p∈KKK,p6=q

Λ1/2HHHqWWW pSSS
1/2
p cccp+nnnq

(3)
We observe that the second term is the signal for other
users, which is interference for user q.

1) Matched Beamforming (MBF): In single-user case,
the precoder www of matched beamforming is

www =
hhhH

‖hhh‖
(4)

where hhh is the channel vector to the user. Matched
beamforming (MBF) maximizes the SNR at the user as

it transmits along the direction of the matched channel.
Since the beamforming weights is the conjugate trans-
pose of the channel vector, it is also called Conjugate
beamforming.

When extending this matched beamformer directly
to multi-user scenario, matched beamforming simply
maximizes the power to each of the user and ignores
the interference. Matched beamforming is the simplest
form of MU-MIMO precoder.

Assume a single receive antenna at each of the user for
simplicity. When the channel vectors of user p and q are
not orthogonal (hhhphhhHq 6= 0), user p and q will receive
signals intended for the other, which is interference
from their own perspective. The best case of matched
beamforming happens when the channel vectors of user
p and q are orthogonal, as p and q do not receive
interference, and the power to p and q is maximized.

2) Zero-Forcing Beamforming (ZFBF): Zero-forcing
beamforming [7] aims to eliminate the inter-user in-
terference. Here we assume a single receive antenna
at each of the user for simplicity, and therefore each
user is served with 1 data stream. The channel matrix
from a nt-antenna transmitter to K single-antenna user
is HHH[K × nt]. To eliminate the inter-user interference,
the beamforming metrix needs to satisfy the condition
that HWHWHW is diagonal. When K ≤ nt and HHH is full rank,
the precoders can be chosen as the normalized columns
of the right pseudo inverse of HHH . Let the right pseudo
inverse of HHH be FFF .

FFF = HHHH
(
HHHHHHH

)−1
(5)

The transmit precoder wwwq for user q is the normalized
columns of FFF ,

wwwq =
FFF (:, q)

‖FFF (:, q)‖
(6)

Zero-forcing beamforming is illustrated by Fig. 1 for
a two-user case. In Fig. 1, www1 and www2 are orthogonal
to hhh2 and hhh1, respectively. Fig. 1a illustrates the case in
which the channels of the two users are not orthogonal,
and therefore the beamforming direction and the channel
direction are different. As a result, the received power at
the users decreases. Here we observe that zero-forcing
beamforming trades power efficiency for interference-
free transmissions, and ZFBF can be power inefficient
when users’ channels are not orthogonal. In comparison,
when the channels of the two users are nearly orthogonal,
the beamforming direction is close to the channel direc-
tion and less power is wasted on the other directions, as
shown in Fig. 1b.

3) Regularized Zero-Forcing Beamforming (R-ZFBF):
By forcing the interference to zero, a major problem
of ZFBF is poor performance when the channels of the
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(a) Non-orthogonal users (b) Quasi-orthogonal
users

Fig. 1. Illustration of ZFBF precoding for a two-user scenario.
Adapted from [2]

users are highly correlated, especially at low SNR. To
tackle that issue, a regularized form of channel inversion,
commonly denoted as Regularized Zero-Forcing Beam-
forming (R-ZFBF), is typically used. The regularized
zero-forcing is modified as

FFF = HHHH
(
HHHHHHH + αIII

)−1
(7)

where the regularization parameter α is design parame-
ter, and can be optimized based on the design require-
ments. When α = 0, R-ZFBF boils down to ZFBF
and there is no multiuser interference. When α → ∞,
R-ZFBF becomes MBF. The amount of interference
increases with α, so one possible metric for choosing
α is to maximize the SINR. When optimizing for SINR,
the beamformer is also called MMSE beamforming.

III. INCENTIVE FOR MASSIVE MIMO SYSTEM

Large antenna array helps create favorable propagation
condition and ensures the system to get the MIMO
multiplexing gain, both in SU-MIMO and MU-MIMO.
In the following, we discuss the limiting case when
the number of transmit antennas approaches to infinity
for SU-MIMO and MU-MIMO respectively, which is
summarized from [8].

A. SU-MIMO

Consider a point-to-point MIMO link consists of a
transmitter having an array of nt antennas, a receiver
having an array of nr antennas. For each use of the
channel we have

xxx =
√
ρGsGsGs+www

where sss is the nt-component vector of transmitted sig-
nals, xxx is the nr-component vector of received signals,
GGG is the nr × nt propagation matrix of complex-valued

channel coefficients, and www is the nr-component vector
of receiver noise, with each of the components being
i.i.d. zero-mean and unit-variance circulary-symmetric
complex-Gaussian random variables (CN(0, 1)). The
scalar ρ is a measure of the SNR of the link: it is
proportional to the transmitted power divided by the
noise-variance, and it also absorbs various normalizing
constants. In what follows, we assume a normalization
such that the expected total transmit power is unity,

E
[
‖sss‖2

]
= 1

With i.i.d. complex-Gaussian inputs, the mutual infor-
mation between the input and the output of the point-
to-point MIMO channel, under the assumption that the
receiver has perfect knowledge of the channel matrix GGG
is

C = log det

(
Inr

+
ρ

nt
GGGGGGH

)
(8)

where Inr
denotes the nr × nr identity matrix, and the

superscript H denotes the Hermitian transpose [9].
Another way to present Equation (8) is to express the

achievable rate in terms of the singular values of the
propagation matrix GGG

GGG = ΦDΦDΦDνΨΨΨ
H

where ΦΦΦ and ΨΨΨ are unitary matrices of dimension nr×nr
and nt × nt respectively, and DDDν is a nr × nt diagonal
matrix whose diagonal elements are the singular values,
{ν1, ν2, · · · νmin(nt,nr)}.

When expressing the achievable rate in Equation (8)
in terms of the singular values, it is equivalent to the
combined achievable rate of parallel links for which the
lth link has an SNR of ρν2

l

nt
.

C =

min(nt,nr)∑
l

log

(
1 +

ρν2
l

nt

)
(9)

With respect to the achievable rate, we consider the
best and the worst possible distribution of singular val-
ues, subject to the constraint obtained from [10]

min(nt,nr)∑
l

ν2
l = Tr

(
GGGGGGH

)
where Tr denotes trace. The worst case is when all but
one of the singular values are equal to zero, and the best
case is when all of the min(nt, nr) singular values are
equal, which is a direct consequence of the concavity of
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the logarithm. The two cases bound the achievable rate
as follows

log

(
1 +

ρTr
(
GGGGGGH

)
nt

)
≤ C

≤ min(nt, nr)× log

(
1 +

ρTr
(
GGGGGGH

)
ntmin(nt, nr)

) (10)

If we assume that a normalization has been performed
such that the magnitude of a propagation coefficient is
typically equal to one, then Tr(GGGGGGH) ≈ ntnr, and the
above bounds simplify as follows

log (1 + ρnr) ≤ C ≤ min(nt, nr) log

(
1 +

ρmax(nt, nr)

nt

)
(11)

The worst case can potentially occurs for compact arrays
under line-of-sight (LOS) propagation conditions such
that the transmit array cannot resolve individual elements
of the receive array. The equal singular value (best) case
is approached when the entries of the propagation matrix
are i.i.d. random variables.

Now we consider the limiting case when the num-
ber of transmit antennas grow large while keeping the
number of receive antennas constant. Furthermore, we
assume that the row-vectors of the propagation matrix
are asymptotically orthogonal [11](

GGGGGGH

nt

)
nt�nr

≈ IIInt

Together with capacity in Equation (8), the achievable
rate becomes

Cnt�nr
≈ log det (IIInr

+ ρIIInr
)

= nr log (1 + ρ)
(12)

which matches the upper bound in Equation (11).
From the above discussion, an excess number of trans-

mit antennas, combined with asymptotic orthogonality
of the propagation vectors, constitutes a highly desirable
scenario, and give us the incentive to use large transmit
antenna array.

B. MU-MIMO

After discussing SU-MIMO, now we study MU-
MIMO. Consider a base station (BS) with an array
of M antennas serves K single-antenna user terminals
simultaneously. The propagation matrix GGG for downlink
is a K ×M matrix, which is composed of a K ×M
matrix HHH accounts for small-scale fading and a K ×K
diagonal matrix DDD

1/2
β accounts for large-scale fading.

The diagonal elements of DDDβ constitute a K × 1 vector

βββ representing the large-scale fading coefficients to the
K users.

GGG = DDD
1/2
β HHH

The kth row-vector of GGG describes the channel vector
between the M antennas at the BS and the kth terminal.
We normalize the large-scale fading coefficients such
that the small-scale fading coefficients typically have
magnitudes of one.

The downlink transmission is again represented by

xxx =
√
ρGsGsGs+www

where ρ is proportional to the ratio of power to noise-
variance, and www is the K × 1 vector of receiver noise
whose components are independent and distributed as
CN(0, 1). Just like before, the total transmit power is
normalized such that the expected total transit power is
unity and is independent of the number of antennas,

E
[
‖sss‖2

]
= 1

The known capacity result for this channel assumes
that the terminals as well as the base station know the
channel [1] [12]. Let DDDγ be a diagonal matrix whose
diagonal elements constitute a K × 1 vector γγγ. To ob-
tain the sum-capacity requires performing a constrained
optimization,

Csum = max
γk

log det
(
IIIM + ρGGGHDDDγGGG

)
subject to

K∑
k=1

ρk = 1
(13)

Consider MU-MIMO with large transmit arrays, the
number of antennas greatly exceeds the number of
terminals. Under the most favorable propagation con-
ditions, the row-vectors of the propagation matrix are
asymptotically orthogonal(

GGGGGGH

M

)
M�K

= DDD
1/2
β

(
HHHHHHH

M

)
M�K

DDD
1/2
β ≈DDDβ

The sum-capacity becomes

Csum,M�K = max
γk

log det
(
IIIK + ρDDD1/2

γ GGGGGGHDDD1/2
γ

)
≈ max

γk
log det (IIIK +MρDDDγDDDβ)

= max
γk

K∑
k=1

log (1 +Mργkβk)

(14)

where γγγ is constrained as in Equation (13).
This result makes intuitive sense if the rows of the

propagation matrix are nearly orthogonal, which occurs



ELEC 540 FINAL PROJECT 6

asymptotically as the number of antennas grows. When
the channels to different users are orthogonal, even
the simplest conjugate beamforming achieves this sum
rate. That is, adding extra number of transmit antennas
at the BS makes the performance of linear precoders
approaches to the optimal case.

IV. PERFORMANCE OF DOWNLINK LINEAR

PRECODERS IN MULTI-USER MIMO

In this section, we derive the SNR or SINR ex-
pressions for matched beamforming and zero-forcing
beamforming in the large system limit [8]. Specifically,
we consider the number of transmit antenna M and the
number of users K both approach to infinity, but with
a fixed ratio α = M

K . We consider both perfect CSI and
imperfect CSI. The obtained expressions are summarized
in Table I.

The downlink transmission is modeled as

xxx = GsGsGs+www

where sss is a precoded version of the data symbols qqq.
Each component of sss has average power ρ

M . Further, we
assume that the channel matrix GGG has i.i.d. CN(0, 1)
entries. User k receives the kth component.

Before diving into matched beamforming and ZF
beamforming, we first discuss the performance of an
intererence-free (IF) system that will subsequently serve
as the upper bound of the system. IF system assumes no
inter-user interference exists. The SNR of IF system is
calculate by ignoring the inter-user interference. In the
IF scenario, user k receives the signal xk

xk =

√√√√ M∑
l=1

|glk|2qk + wk

Since
∑M

l=1|glk|
2

M → 1 as M → ∞, and E
[
qkq

H
k

]
= ρ

K ,
the SNR for IF systems converges to ρα as M →∞.

A. Perfect CSI

1) Zero-Forcing Beamforming: The zero-forcing pre-
coder is the pseudoinverse of the channel. Intuitively,

TABLE I
SNR AND SINR EXPRESSIONS FOR SOME STANDARD PRECODING

TECHNIQUES AS K,M →∞, M
K

= α

Precoding technique Perfect CSI Imperfect CSI
Benchmark: Interference Free ρα N/A

Zero-Forcing ρ(α− 1) ξ2ρ(α−1)

(1−ξ2)ρ+1

Matched Beamforming ρα
ρ+1

ξ2ρα
ρ+1

when the number of transmit antenna M grows, the
channel matrix GGG tends to have nearly orthogonal rows
as the terminals are not correlated due to their physical
separation. This assures that the performance of ZF pre-
coding will be close to that of the IF system. However,
a disadvantage of ZF is that processing cannot be done
distributedly at each antenna separately and an inversion
of a large matrix is required when M is large. With ZF
precoding, all data must instead be collected at a central
node that handles the processing.

The ZF precoder sets

sss =
1
√
γ
GGGH(GGGGGGH)−1qqq

where γ normalizes the average power in sss to ρ. A
suiable choice for γ is γ = Tr(GGGHGGG)−1

K , which averages
fluctuations in transmit power due to GGG. The receive
signal xk with ZF beamforming becomes

xk =
qk√
γ

+ wk

The received SNR at the terminal equals

SNR =
ρ

Kγ
=

ρ

Tr(GGGHGGG)−1

When both the number of terminals K and the number
of BS antennas M grow large, but with fixed ratio α =
M
K , Tr(GGGHGGG)−1 converges to a fixed deterministic value
[13]

Tr(GGGHGGG)−1 → 1

α− 1
, as K,M →∞,

M

K
= α

Therefore, the SNR approaches ρ(α − 1) as M and
K approach to infinity, with a fixed ratio α = M

K .
We observe that ZF precoding achieves an SNR for an
IF system with M − K transmit antennas in the large
antenna regime. Also, the SNR increases unbounded as
the transmit power ρ increases. However, when M = K,
SNR becomes 0.

2) Matched Beamforming: The Matched precoder
sets

sss =
1
√
γ
GGGHqqq

with γ = Tr(GGGGGGH)
K . A few simple manipulations lead to

an asymptotic expression of the SINR = ρα
ρ+1 . From the

SINR expression, we observe that the SINR can achieve
as high as desired by increasing the number of transmit
antennas. However, the Matched precoder exhibits an
error floor since no matter how large the transmit power
is used, the SINR approaches α. That is, when ρ→∞,
SINR→ α.
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Fig. 2. Sum-rate capacities of single-cell MU-MIMO precoding
techniques. The channel is i.i.d. CN(0, 1) and there are K = 15
terminals. Circles show the performance of interference free (IF)
systems, DPC is denoted by ”x”, solid lines refer to ZFBF, and the
dotted lines refer to matched beamforming.

3) Comparison of MBF and ZFBF: From the above
discussion, we know the asymptotic SNR or SINR for
Matched beamforming and ZF beamforming. For a fixed
α, SNR for ZF beamforming can grow unrestricted as the
transmit power increases, while Matched beamforming
will reach an upper bound of α. Also, we observe that
the SNR of ZF beamforming is lower than the SINR
of Matched beamforming in the low power regime,
specifically when ρ < 1

α−1 . However, ZF beamforming
has performance better than Matched beamforming once
ρ > 1

α−1 .
Figure. 2 shows the ergodic sum-rate capacities for

Matched precoding, ZF precoding, and DPC. IF system
is also shown as benchmark performance. In all cases,
K = 15 users are served and we show results for M =
15, 40, 100.

First we observe that the gap between DPC and ZF
beamforming becomes smaller as M increases. When
M = 100, ZF precoding achieves performance nearly as
good as DPC, even the IF system. This result suggests
that the higher complexity of DPC cannot be justified by
the performance gain.

We also observe that ZF precoding outperforms
Matched precoding in high SNR region, while Matched
precoding is better at low SNR, as suggested by the
asymptotic SNR.

B. Imperfect CSI

Here we discuss the SINR of Matched precoding and
ZF precoding when the BS has imperfect CSI. Let ĜGG
denote the minimum mean square error (MMSE) channel
estimate of the downlink channel. The estimate can be
expressed as

ĜGG = ξGGG+
√

1− ξ2EEE

where < 0 ≤ ξ ≤ 1 represents the reliability of the
estimate, and EEE is an estimation error matrix with i.i.d.
CN(0, 1) distributed entries.

For any reliability ξ, the SINR for zero-forcing beam-
forming is ξ2ρ(α−1)

(1−ξ2)ρ+1 . And the SINR for matched beam-

forming is ξ2ρα
ρ+1 , as summarized in Table I.

We observe that when the CSI is imperfect, the chan-
nel error reduce the receive signal strength for Matched
beamforming. In comparison, ZF precoding encounter
loss not only in signal strength but also the inter-user
interference term. When the BS has perfect CSI, ZF
beamforming prevent any inter-user interference. How-
ever, when the CSI is imperfect, ZF beamforming can no
longer completely eliminate inter-user interference. As a
result, we can conclude that ZF beamforming is more
sensitive to channel error as the imperfect channel leads
to both reduction in receive signal strength and increase
in interference.

V. MULTI-CELL SCENARIO

In this section, we investigate a fundamental limit
caused by pilot contamination in noncooperative cellular
MU-MIMO systems. Although increasing number of
transmit antennas M averages out the thermal noise
and small-scale Rayleigh fading, the interference from
other cells due to pilot contamination does not vanish
with increasing number of BS antennas. The following
discussion summarizes the results from [10] [8].

A. Pilot contamination

Fig. 3. Illustration of the pilot contamination concept. (a) during the
training phase, the BS in cell 1 overhears the pilot transmission from
other cells. (b) as a consequence, the transmitted vector from BS 1
will be partially beamformed to the terminals in cell 2.

In a large antenna system, to efficiently acquire the
propagation matrix, the users send orthogonal uplink pi-
lots for the BS to estimate the uplink channel. The down-
link channel is obtained assume channel reciprocity.
However, there are only limited number of orthogonal
pilots, and the users in different cells have to reuse those
pilots. Therefore, during the pilot estimation process, it
is possible that users in different cells transmit the same
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uplink pilot simultaneously and contaminate the channel
estimation. As a result, the channel estimation contains
channel for other users and cause inter-cell interference
in the following downlink transmission. Figure 3 illus-
trates the process of pilot contamination.

B. Performance of Linear Precoders

Consider a multi-cell system where each cell has a BS
with M antennas and serves K users, K ≤ M . In the
worst case, the pilot signals in all other cells are perfectly
synchronized with the pilot signals in cell n. In this case,
the channel estimate ĜGGnn gets contaminated from pilot
signals in other cells

ĜGGnn =
√
ρpGGGnn +

√
ρp
∑
i 6=n

GGGin + VVV n

Where ρp is a measure of the SNR during of the
pilot transmission phase, GGGin represents the channel
from the BS in cell n to the K users in cell i, and
VVV n is a matrix of receiver noise during the training
phase, uncorrelated with all propagation matrices, and
comprises i.i.d. CN(0, 1) distributed elements. Due to
the geometry of the cells, GGGnn is generally stronger than
GGGin, i 6= n.

1) Matched Beamforming: When the BS use Matched
beamforming for downlink, the precoder matrix is ĜGG

H

nn.
The kth user in cell j receives signal the kth element in
xxxj

xxxj =
√
ρf
∑
n

GGGjnĜGG
H

nnqqqn +wwwj

=
√
ρf
∑
n

GGGjn

[
√
ρp
∑
i

GGGin + VVV n

]H
qqqn +wwwj

(15)

where ρf is a measure of the SNR during of the downlink
data transmission phase, and wwwj is the noise at the K
receivers in cell j.

As M grows large, only terms where j = i remain
significant. Further, as M grows, the effect of small-
scale Rayleigh fading vanishes. And the SIR of terminal
l becomes

SIR =
β2
jjl∑

n6=j β
2
jnl

(16)

where βkjl represents the large-scale fading between
terminal l in the kth cell and the BS in cell j.

Form Equation (16), we observe that that devoting
more power to the training phase does not decrease
the pilot contamination effect and leads to the same
SIR. Note that this is a consequence of the worst-case-
scenario assumption that the pilot transmissions in all

cells overlap. If the pilot transmissions are staggered so
that pilots in one cell collide with data in other cells,
devoting more power to the training phase is indeed
beneficial.

2) Zero-Forcing Beamforming: When the BS use ZF
beamforming for downlink, the precoder matrix is the
pseudoinverse of the channel estimate ĜGG

H

nn(ĜGGnnĜGG
H

nn)−1.
when M grows, only products of correlated terms remain
significant. And the SIR of terminal l becomes

SIR =
β2
jjl/

(∑
i βijl + 1

ρp

)2

∑
n 6=j β

2
jnl/

(∑
i βinl + 1

ρp

)2 (17)

which is dependent of ρp, the SNR during the pilot
training process.

3) Comparison of Matched and ZF beamforming With
Numerical Results: Fig. 4 shows the SIR numerical
results for Matched and ZF precoders as the number of
BS antennas N increases. In the analysis, hexagonal cells
are assumed and the large-scale fading factor is modeled
by a log-normal distribution. The number of users in each
cell K = 10. Also, large enough ρp and ρf are used so
that the SNRs are large enough and the performance is
limited by pilot contamination.

In Fig. 4, the two uppermost curves show the mean
SIR as M → ∞. The tow bottom curves show the
mean SIR for Matched and ZF precoding for finite M .
We observe that the limit of Matched beamforming is
higher than ZF beamforming. However, ZF outperforms
Matched beamforming for finite M . Furthermore, with
finite M , ZF beamforming can achieve closer to the limit
case. Although the limit of Matched beamforming is
higher, Matched precoding requires much larger antenna
array than ZF precoding does to reach a given mean SIR.

Fig. 4. SIRs for Matched and ZF precoders as a function of M.
The two uppermost curves are asymptotic mean values of the SIR as
M →∞. The bottom two curves show mean values of the SIR for
finite M . The number of terminals served is K = 10.



ELEC 540 FINAL PROJECT 9

C. Mitigating Pilot Contamination

Pilot contamination impairs the system performance
and does not vanish as the number of BS antennas
increases. Therefore, mitigating the pilot contamination
effect is an important issue and several approaches have
be proposed.

The first category is protocol-based. For example,
a time-shifted (asynchronous) protocol to stagger the
pilot transmission is proposed in [14] [15] [16]. In
such protocol, uplink pilots are transmitted when other
conflict users are receiving downlink signals. However,
one concern of this approach is that the transmit power
of uplink pilot is generally much lower than the down-
link transmit power, resulting higher channel estimation
errors.

The second category is by precoding methods. For
example, [17] propose a distributed single-cell precoding
method in which the precoding matrix at one BS is
designed to minimize the sum of the squared error of
its own users and interference to the users in all other
cells. Other works also consider multi-cell cooperation
[18] [19]. However, the cooperation does not scale with
the number of antennas since the information exchange
overhead required among the BSs increases with the
number of antennas.

The third category is AOA-based methods. [20] [21]
[22] shows that users with mutually non-overlapping
AOA PDFs hardly contaminate each other even if they
use the same pilot sequence. Therefore, one can assign
identical pilot sequences only to users of this type, and
a coordinated scheme is discussed in [22].

The fourth category is blind methods. For example,
[23] propose an eigenvalue-decomposition-based (EVD)
channel estimation. The EVD-based estimation is based
on the assumption that the channel vectors from different
users are orthogonal. This assumption allows one to es-
timate channel vectors using the statistics of the received
data.

VI. CONCLUSION

In this report, we study the multi-user downlink pre-
coding method, for both the capacity achieving DPC
and a set of frequent-use linear precoders (matched
precoder, zero-forcing precoder, and regularized-ZF pre-
coder). Also, we discuss the advantage of using a large
transmit antenna array for both single user and multi-
user scenario. In addition, we study the performance of
downlink linear precoders under limiting case in which
the number of BS antennas and the number of users
approaches to infinity but with a fixed ratio. Next, we

also discuss the pilot contamination problem in multi-
cell scenario and some proposed approaches to mitigate
the effect of pilot contamination.
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